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Preface 
Robert M. Guralnick, William H. Gustafson, and Lawrence S. Levy 
The terms cZassicaZ and rudimentary linear algebra often refer to the 
theory of matrices and vector spaces over fields. CZussicaZ suggests a time- 
oriented perspective, indicating that the subject is well over 100 years old; 
and rudimentary suggests a subject-oriented perspective, indicating that the 
subject interacts with essentially all major parts of mathematics. In this 
special issue on Algebraic Linear Algebra we focus on results in which this 
interaction involves consideration of more general, purely algebraic prob- 
lems, or contributes to some other area by means of algebraic refinements. 
The most obvious way to extend rudimentary linear algebra is to work 
with rings more general than fields, and hence modules more general than 
vector spaces. Even this more general aspect of the subject is more than 100 
years old. To illustrate this, we mention two landmark papers. 
(1) Henry J, Stephen Smith’s paper “On systems of linear indeterminate 
equations and congruences” appeared in the Philosophical Transactions of 
the Royal Society of London in 1861 (151:293-326). He proved that every 
matrix of integers is equivalent to a diagonal matrix each of whose diagonal 
entries divides the next, and he gave the well-known formula (in terms of 
determinants) for the entries of this diagonal matrix. 
(2) Fifty years later, E. Steinitz’s pair of papers, “Rechteckige Systeme 
und Moduln in algebraischen Zahlkorpern I, II,” appeared in Math. Ann. 
71:328-354 (1911) and 72:297-345 (1912). He studied matrices (Rechteckige 
Systeme) and modules over the ring R of all algebraic integers in an 
algebraic number field, finding a complete set of invariants for the equiva- 
lence class (as well as for the left equivalence class) of a matrix. 
One of the main difficulties in obtaining this generalization of Smith’s 
result is that matrices are no longer equivalent to diagonal matrices in this 
degree of generality. However, by working with the more abstract notion of 
modules, Steinitz generalized the fundamental theorem of abelian groups, 
showing that every finitely generated R-module (R the ring mentioned 
above) is isomorphic to a direct sum of ideals of R and cyclic torsion 
R-modules. Describing direct sums of ideals up to module isomorphism, in 
this situation, is no longer merely a matter a counting summands; and 
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Steinitz also found the additional invariant necessary to complete this de- 
scription: the notion of ideal class. 
As a prelude to this, he generalized Smith’s diagonalization result by 
showing (in modem terminology) that a projective module and a submodule 
can be simultaneously decomposed as direct sums of ideals, in such a way 
that each summand occurring in the submodule is a submodule of the 
corresponding summand of the larger module. His papers illustrate what we 
now consider a quite modem form of interplay: the use of a concrete notion 
(matrices) to yield information about an abstract one (modules) and vice 
versa. 
The papers in the present volume begin with a historical survey (“Mod- 
ules and matrices”) of some properties of matrices over rings that can be 
derived by abstract methods. This is followed by a paper (“Direct sums of 
ideals”) that puts some interesting modem finishing touches on Steinitz’s 
work. The next three papers (“Submodule systems.. . ,” “Simultaneous diago- 
nalization . . . ,” and “Similarity of matrices over commutative rings”) extend 
the scope of elementary divisor theory by considering a module together with 
a family of submodules, or simultaneous similarity of a family of matrices. 
Other papers in this volume deal with the interaction of linear algebra 
with group theory (“Nonnegative matrices, Brauer characters.. “), algebraic 
control theory (“.. .poles and zeros.. .“and “. . .pole shifting.. .“), number 
theory (“. . . integer-valued polynomials.. ,” “ Factorization in hereditary or- 
ders,” and “Generators for orthogonal groups . . “1, ring theory (“Normal 
matrices over Hermitian discrete valuation rings,” “When are two elements 
of GL(2,Z) similar)?,” “Recurring sequences.. . ,” and “Universally reflexive 
modules”), computational ring theory (“ . . . complexity of effective Nullstel- 
lensatz . . . ‘7, and linear cellular automata (“. . . cellular automata”). 
